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Abstract 

We start by discussing the classical noncommutative (NC) Q-ball solutions near the commutative 
limit, then generalize the virial relation. Next we quantize the NC Q-ball canonically. At very small 
9 quantum correction to the energy of the Q-balls is calculated through summation of the phase shift. 
UV/IR mixing terms are found in the quantum corrections which cannot be renormalized away. The 
same method is generalized to the NC GMS soliton for the smooth enough solution. UV/IR mixing is 
also found in the energy correction and UV divergence is shown to be absent. In this paper only (2 + 1) 
dimensional scalar field theory is discussed. 



PACS number(s): ll.lO.-z, ll.lO.Gh, 11.30.-j 12.60.Jv 



1 Introduction 

Noncommutative (NC) field theory has been considered as certain Umit of the effective action of open string 
modes on the brane jlj |2|. Since the discovery of NC solitons in NC scalar field theory by Gopakumar, 
Minwalla and Strominger (GMS) [ 3[, t he soliton solutions have been explicitly constructed in different gauge 
theories with or without matter ^ , |14[ | . Such NC solitons can be interpreted as lower dimensional Z?-branes 
in string field theory ^, |^ . 

GMS solitons, which exist in (2 + 1) dimensional NC scalar field theory, while classically stable, cease to 
exist at sufficiently small NC parameter 9 , due to the nonexistence theorem of Derrick in the commutative 
limit(& ~^ 0). In this commutative limit, however, time dependent nontopological solitons, or Q-balls exist in 
all space dimensions [|[ 0. In this paper we'll study the NC generalization of time dependent Q-balls, NC 
Q-balls first. In particular, we found all the stable soliton solution family, which depend smoothly on the NC 
parameter and have a closed form in the NC limit {0 oo) sustain for arbitrary small 9 . Classically 
they all reduce to the ordinary Q-ball solution in the commuative limit. Thus it becomes interesting to 
investigate the quantum properties of NC solitons near the commutative limit. In the perturbative NC field 
theory UV/IR mixing occurs in renormalization ||l^. We discuss the similar NC effects in the quantization 
of the nonperturbative NC field theory. The same method is further generalized to the GMS soliton case at 
finite 9 . In this paper we deal, for simplicity, only with (2 -I- 1) dimensional NC scalar field theory. 



2 Classical Noncommutative Q-ball Solution 
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2.1 Hamiltonian and Equation of motion 

In this section we derive the equation of motion for NC Q-ball solutions, following brief introduction of NC 
scalar field theory. The form of the solution is already given in . We discuss the existence and stablity of 
the solutions, and show that in the commutative limit NC Q'balls just reduce to the commutative Q-balls. 
Consider a NC scalar field theory action with global U{1) phase invariance, 



5 = - / dtd 



j2„ 



(1) 



where the space-time metric is (—,+,+), and the fields are multiplied by NC star product, generally made 
implicit in this paper, and {A , B} = A-k B + B A . The potential V has a global minimum at the origin, 
with the scaling property 

V{4><f>) = 9-'Vig^<j>) . (2) 

g is then the coupling constant assumed to be small. The commutative limit of this action is where ordinary 
Q-balls have already been constructed The NC star product is defined to be. 



6 d d 



(3) 

y=x 



where j,k — 1,2 . The NC algebra of the functions with the star product defined above is well known to be 
isomorphic to an algebra of operators on a one particle Hilbert space ||^, 

[x^ , i"] = i0 . (4) 

In this isomorphism, also known as Weyl transform, the star product is just the operator product, 

(t>{x) ★ ^p{x) < — > , (5) 

and 



{x)(fx = 27r6'Tr0(i) , (6) 

where (t>{x) ^ 4>{x) are the Weyl transforms of each other. The derivative are written as 

d z ■ - 

g-(f>ix) < — * -eij[x^,(t>{x)] . (7) 

Define creation and annihilation operators 

^ {x^+ix'^), a'^ = ^={x^ - ix'^) , (8) 



261 V2e 

with [a, a''^] = 1 as usual. The field or (f>{x) can be expanded in the orthonormal basis fnm{x) or 

\n >< m\ 0. 

In the operator formalism the action integral becomes 

= [dt27reTT (do$do$+l{[a/^][a\4,] + [a\$][a,$]) - V{U)] ■ (9) 



The equation of motion is 

dU+^[a,[a\^]] + ^V{U) = . (10) 
The action has global U{1) phase invariance, which yields a conserved charge 

d^xf = i27r0TT{$dQ$ - dQ4>4>) . (11) 
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Q is interpreted as particle number in the physical system. A particular system always exists with fixed 
particle number N — Q[4>, (j)] . To find nondissipativc soliton solutions ^ under this constraint, we write 
Hamiltonian 

H - 27r0Tr (^9oM<^ " ^([«, kal4>] + [a^ 0][a, 4>]) + V{U)^ + uj{N ~ Q[l |]) , (12) 

with the constraint applied before the Poisson bracket is worked out The minimum energy solution 

occurs at 

611 

= do^ + iuj^^O , (13) 

N 



which yields 



-i=a(£)e--*. (14) 



Assuming hermitian a{x) or real a{x), H becomes 

H = 27T0TT(^-^cj'a^-^[a,a][a\a] + V{^a'^)^ + cuN , (15) 

with the particle number 

N = 27r6lwTr((T^) . (16) 

and the equation of motion (|o|) 

^[a,[a\a]]-u;^a + aV'ila') = 0. (17) 



Note the equation of motion (17) also follows from {SH /Sd-)\j\j = , which means that the solution a has 
the same form as the static GMS soliton solution in the potential 

Uia) = Vih^) \u:^a^ . (18) 
Consider spherically symmetric solution expanded in terms of the projection operators, 

oo 
n=0 

where P„ = |n >< n| . Replace a in (p^, (p^), and the equation of motion (jl^), 

H = 2^^[(n + l)(A„+i-A„)2+0C/(A„)]+u;7V, (20) 

N = 2TT9cjJ2^n, (21) 

n 



{n + l)(A„+i - A„) - n{Xn - K-i) = ^UiXn) ■ (22) 
Sum the equation of motion from n = to n = K 

^ 

-Xk = ^(]^ E ^'(^«) ' (23) 

where X > is an arbitrary integer. A particular set of A„'s defines a solution. Many properties of the 
solution can still be derived from Eqn. ( po[ - |2^ ) though a closed form has not been constructed. For example, 
because of the finiteness of both the energy H and the particle number N , we have, 

A„+i = A„ , A„ = , for n ^ oo , (24) 
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2.2 Q-ball solutions 

In static GMS soliton theory, the global minimum of the potential is generally assumed to be at the origin, 
and the core of the soliton is localized at the local minimum of the potential (false bubble solution). It 
is the noncommutativity that forbids the classical decay of the solitons. The corresponding commutative 
potential does not have nontrivial topological structures, and hence yields no soliton solutions. Therefore 
NC GMS solitons are genuine NC effects and they disappear at small enough 6 , where the commutative 
limit is approached. 

This is not the case with Q-ball solutions. The existence and stablity of Q-ball solution rely on the 
conservation of the charge Q as the consequence of the global symmetry. The potential for Q-ball solutions 
does not have nontrivial topological structure. Therefore NC Q-balls are expected to exist even for very 
small 9 . We'll show that such NC Q-ball solutions would smoothly reduce to the Q-ball solution in the 
commutative limit. 

In the following we discuss the existence of NC Q-ball solutions in a typical potential form, 

U{(t) = V{(T^) - i^jV^ ^ aa^ - ba^ + ca^ , (25) 

where the coefficients h and c are larger than zero, and a ~ ^{m? — lo^) . 

U{a) varies for different lo . li lo^ > m? or a < 0, U{a) has a local maximum at the origin. In the 
commutative limit there is only a plane wave solution. Here similar plane wave solution in NC limit can also 
be constructed. Since for a stabe soliton solution A„ would have to take values between s and the origin 
and monotonically decrease in n a simple argument can show that solitons cannot exist. There is a 
constraint that X]^=o U'{\n) converges to zero as K goes to infinity, which cannot be satisfied in this case. 
To prove this constraint, suppose that 

oo 

^ U'{K) ^v^O, (26) 
Sum Eqn. ( p3| ) from a particular K ^ q sufficiently large to a point p close to infinity, 

^p-^^-Jlj^- (27) 

K=q 

It's then easy to see Xp will not converge to zero as p goes to infinity. 

When uj^ < i'^ , ly^ — w? — fe^/2c , U{(j) has only a global minimum at the origin. Even though in the 
commutative theory no soliton solutions exist, for NC theory at sufficiently large 9 , there are GMS type 
solitons exist. It has been shown that there is a critical lower bound on 9 for the existence of NC soliton [p^ . 
Similar bounds would be expected to exist for NC Q-ball for < < as well. 

As < uj^ < rn^, U{a) has a local mininum at the origin, a global minimum at s {U{s) < 0) and a zero 
w = [{b — \Jb'^ — 'iac) /2aY/'^ between and s (0 < w < s). In the commutative case such potential form 
enables the existence of Q- ball solutions. In the NC case it is expected that NC-Q ball solutions exist even 



for small 9. In the following we take the continuum limit of Eqn. (23) for very small 9 , and show that all 
the solitons sPk exist at ^ oo converges to the commutative Q-ball solution as 9 ^ . 

For very small 6*, all A„'s can be considered as sufficiently close. Therefore A„ can be approximated by a 
continuous function \{u) 0. Let u = K9 , and Aa' = \{K9) = X{u) . Eqn. ( p3| ) becomes 



Ignore 0{9) term, we have 



Let u = hv'^ 



2(u + 9) Jq 



dX (fX^_ IdU 



^Thanks to Dr. Shabnov for helping on this point 



d^X 1 dX _ dU{X) 
dv"^ V dv dX 



(30) 
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This is exactly the equation of motion for the commutative Q-ball solution A(u) , with v identified as radius 
r . This can be explained as the following. The Weyl transform of ^r^ is o^a , and a^a has the eigenvalue n9 
on the state \n > . As 6 gets smaller, the eigenvalues n9 gets closer, and eventually becomes continuous as 
ir^ in the commuative limit. The coefficient A„ just becomes the field A(r) in this limit. In this description 
the commutative Q-ball can be considered as the analytical continuation of the NC Q-balls in 9 . 

The formula for the energy and particle number in the commutative limit can also be recovered by taking 
the continuum limit of Eqn. ( pO[ ) and ( |2l| ) , 



H 



2tt / du 



uA^ + U{X)+u;N 
du 



27r / vdv 
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N = 27ra; / duY {u) ^ 2ttuj I vdvy{v) 
Jo Jo 



(31) 
(32) 



The existence of the commutative Q-ball solution are proved by considering an analogous problem in 
which a classical particle moves in the one-dimensional potential — C/(A) The field configuration \{v) 

of the Q-ball starts from a unique value p — A(0) between the zero w and the global minimum s, then 
monotonically decreases in v , and approaches when v —^ oo . This property of X{v) is consistent with 
those of the general stable NC soliton solutions A„ at finite 9 . In [0, it's found that there exist smooth 9 
families of spherically symmetric solutions in which A„ is monotonically decreasing in n . In the infinite 9 
limit such solution is just sPk ■ As 9 decrease, Xq, - ■ ■ ,Xk decrease from s , while other A„(n > K) starts to 
move away from the origin towards s , but the whole A„ series remain monotonically decrease in n . Since 
in the commutative limit A„ just becomes X{v) , one can conclude that as 9 decreases from oo to zero, Ao 
will decrease from s and eventually to p at the commutative limit. 



2.3 Virial Relation 

The Hamiltonian ([l5| ) in the function formalism is 

H[cr] = '^^ J rdr Q(a»CT)2 + U{9 ,cr)+ujN 



(33) 



where the potential U has explicit dependence on 9 through star product. Suppose (j(x) is the Q-ball 
solution, H[a{x/a)] must be stationary at a = 1 . A change of the integration variables shows that 



H[a{x/a)] = 2tt / rdr -{d,a{x)y + Q-'Ui^ ,a{x))+ujN 



and 



-H[a{x/a)] 
da 



^2ttJ rdr (^2U{9 , a) - '2^U{9 ,<j)^=0. 



(34) 



(35) 



Unlike the Virial theorem for d = 1 space dimension, here the kinetic energy is scale invariant. Scaling 
dependence of the energy includes two seperate terms from the potential and from its dependence on 9 
through the star products. The significance of Eqn. ( p5| ) is more explicit in GMS soliton case, where the 
potential energy 



rdrU{a) =6'^t/(A„) > 

ji=0 



(36) 



The scaling variable a can be thought of as the size of the NC soliton. While the positive potential energy 
favors shrinking of the soliton, but the NC star products keep it from decay. 



3 Quantization of noncommutative Q-ball 

Solitons are extended objects exist in field theory, the properties of which receive quantum corrections as the 
fields are quantized. In this section we follow very closely to the canonical quantization procedure proposed 
in ^ . Then we evaluate the ultraviolet divergences in the quantum corrections to the soliton energy at 
very small 9 . 
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3.1 Canonical Quantization 

The general procedure to investigate the properties of the sohtons is to expand the fields around the classical 
solution. Because the momentum and particle number are conserved in the system, we'll have to impose the 
corresponding constraints to erase the zero-frequency modes in the expansion. 
We start by making a point canonical transformation of 4>{x) , 

^^^e-'^^'^[a{x-Xit)) + x{x-X{t),t)] , (37) 

X{x - X{t), t) = xr{x ~ X[t),t) + ixi{x - X{t),t) , (38) 

where I3{t) and X^{t) are the collective coordinates represent the over- all phase and the center of mass 
position. Impose the constraints on x to ensure the above transformation is a canonical transformation with 
equal number of degrees of freedom before and after, 

J<JXi = , J XR^^cT = , (39) 

where i — 1,2 . The integral sign denotes two dimensional integrations over x. The star product is suppressed. 
Unless indicated otherwise, from now on the differential (Px and the NC star product are implied wherever 
applicable. The above constraints also remove the perturbative zero mode solutions in the meson field x ■ 
Let 

OO 

XR{x,t) = ^gKa(i)/a(a;) , (40) 

a— 3 

oo 

Xi{x,t) = ^g/a(t)ga(a;) , (41) 

d=2 

where faix) and ga{x) are the real normal functions satisfy 

fah = Sab, (42) 
9agb = hi, ' (43) 

(44) 

and under the constraints, 

' d.afa = 0, (45) 
aga - 0, (46) 



where a = 3, 4, . . . and d = 2, 3, . . . always in this paper. 
Rewrite the Lagrangian (mj with (B7h, 



L^^q^Mq + Viq), (47) 
where = {Xi , X2 , P , qR3 , . . . , qi2 , ■ ■ ■) and T denotes matrix transpose, and 

V{q) = I {d,4>d^cj^ + V{\{4> , m (48) 
The matrix elements of the symmetric M. are 

Mij = Mo6^j + {2^^a^JXR + ^^XR^JXR + ^^XI^jXI) , (49) 
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^ 1 + J + xl + xl) , (50) 

Mp^ = J {-2di(TXi + XRdiXi - XidiXR) , (51) 

M^a = -J fa^^XR , (52) 

Mia = - J gadiXi , (53) 

Mpa = / faXi , (54) 



Mi3d = -J gdXR , (55) 

Mat = 6ab , (56) 

M,, = 5,,. (57) 
where Mq = ^ / (c^icr)^ and I = J . The conjugate momentum of q is 

p = Mq =iPi ,P2,N ,pR3 ,pi2,...f . (58) 



The particle number N and the total momentum Pi are conserved since the Lagrangian (|4^) is independent 
of the collective coordinates /3 and X^. Quantize the new canonical coordinates, 

[X' , P^] = iS'^ , (59) 
[P,N] = I, (60) 

[qRa ,PRb] = iSab , (61) 

[lia ,Pih] ^ iS^i, . (62) 



The Hamiltonian 



H ^^J-'p'^M-'Jp + Viq) , (63) 



where J = V det A4 because the operator ordering in H is unambiguously determined by the ordinary 
quantized Hamiltonian with the coordinates (j) . 

The quantum states can be labelled as \P^ , P'^ , N , q^a , qia > ■ One can solve the Schrodinger Equation 
perturbatively around the one soliton ground state \P^ = P^ = , N = luj ,0 > . In this state P^ and N 
are the momentum and particle number of the classical solution a, which can be obtained by letting <j) — <j 
in Eqn. ( pT] ) and P^ — J 09*0 + d^4'4> labels the lowest energy state with the given P* and N value. 

We can then treat xr a-nd xi a-s perturbative degrees of freedom, and expand the Hamiltonian perturba- 
tively around the one soliton ground state order by order in the weak coupling constant g , defined in Eqn. 

d)- 

a is at the order of g ^ as a soliton solution. Mq and / are g ^ order. Then Pi and N are at the g ^ 
order, while pfja and pid at order. Since J commute with Pi and N , and at the leading order, 
J — Mq^/I is a constant or [p , J] = , one can check that J would not be a factor in the Hamiltonian up 
to the order . 

The Hamiltonian can be expanded order by order, H = Ha + Hi + H2 , with the expansion relation, 

= M^^ + M^^AMo^ + Mo^AM^^AMo^ + ■■■ , (64) 
where M = A4o + A, and A4o has only nonzero diagonal elements, A^g' = {Mq , Mq ,1,1 ,1) . 



Hq , equal to the energy of the classical solution, is at the order of g 



-2 



Ho = Mq + i/c^2 ^ y(ia2) , (65) 
Hi , linear in x ; vanishes due to the fixed N and Pi , which ensures that XR and xi are at the order of 
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The term quadratic in x is at the 5° order, 

H2 = \{pRa-^ J faXl? + liPla+^ J gaXR^ + ^^^i J d,aXlf+2^{j (TXfl)' + (?) , (66) 



where 

V2{q) = j \]^mXR? + {d,Xl?]-\u^\xl + x]) 

+ \ixl + x])V'{ll2a^) + v{^-a^ , 1 {^^, ^} , 1 {;^^, | , (67) 

where V (^cr^ , \{xr^ ^} i \{XRi "'}) represents the terms from the expansion of the potential V quadratic 
in XR ■ 

3.2 Energy Corrections at Very Small 9 

The Hamiltonian is seperated into two parts, described by the baryon degrees of freedom (P* , N) and 
meson degrees of freedom (xb. j Xi) respectively. The sum of the frequencies of the meson excitations is the 
zero-point energy of H2, 

< = = , N ^ luj ,0\ H2 \P^ ^ P'^ ^ , N ^ Ilu ,0 > , (68) 

which, subtracted by the vacuum energy -Evac = J k / {2n)^ \/ k'^ + m? , gives the quantum corrections to 
the soliton energy. 

V2{q) is the perturbative expansion of the effective potential V{q) — ajQlcf), 4>] , Eqn. ( ^ ) and (|Tl|), around 
the solution tr . It's easy to check that XR. = did and Xi = ^'^'^ the eigenmodes of V2{q) with cigcnfrcqucncy 
0, due to the translational and rotational invariance of the potential. Therefore we can define the normal 
functions fa and ga to be the eigenmodes of V2 , or 

V2(g) = ^f^L'zL + ^f^?d9?a , (69) 

with the frequencies fi/ja and f2/a • The potential V2 are highly nonlocal since the fields are multiplied by 
NC star product. In the commutative Q-ball case, V2 has been shown to have only one s-wave eigenmode 
in xr sector with imaginary frequency fins p. In last section, we have shown that as NC parameter 9 is 
taken to be small enough, the NC soliton solution will reduce arbitrary close to its commutative analog. 
Therefore close to the commutative limit V2 is expected to have the similar eigenvalues and eigenmodes as 
its commutative analog. NC Q-ball is also expected to be stable as its commutative analog. We'll assume 9 
is chosen to be such a small value in evaluating the quantum effects of the noncommutativity. 

Define fi = l/^/Modia and gi = l/\/la , Rewrite the Hamiltonian H2 , (|66|), in the matrix form, 

H2 = ^{V^ - LuQ^T^)iV - ujTQ) + 2uj^Q^EQ + ^Q^n^Q , (70) 
where the matrices are defined in the following, 

= iPRa ,Pld) , = [qRa ,qid) , (71) 

-(-rr/oi- -("oal). 

where 

Tad = J fagd , J^ab = J 5l/a J 9lfb , ^ j ^^^^ j '^'^^ ' '''^^^ 

The equation of motion, 

dH2 ■ dH2 , , 
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give 

Q = V-ojTQ, (75) 

Therefore, 

Q + 2LoTQ + ALo'^'E.Q + n'^Q = Q . (77) 
Let the real normal eigenmodes of Q be 

Q^ = (e^a,eAf, (78) 

where Q"^ Q"^ = 5^^ . Replace Q = Q"^exp(— iA^i) (Index A is not summed over) in the above equation. 
Since Q^'^TQ'^ = , 



Introduce creation and annihilation operators, [Ca iC'b] ~ ^^.b , Q can then be quantized as, 

Q = y -^{CAe''^^'+C\e'^^') . (80) 
v2Aa 

Use this equation and Eqn. ( ^6[ ) and (|70|), one can define the one soliton ground state, 

Ca\P^ = =0 ,N = luj ,0>=0 , (81) 



then the zero-point energy of H2 (68) is 

iyA^ = iTr{A}, (82) 



^ A 



where the matrix A is diagonal with the eigenvalues A^ . 

In the commutative theory the zero-point energy contains the divergences even after subtraction of the 
vacuum energy. The finiteness of the soliton energy is recovered by starting from the renormalized form of 
the action (|^), which induces the counter terms also contain the divergences [ pO[ . 



Work in the specific form of the cjr potential (25), 



V{^{^, 0}) = m\^{$, </.}) - bm'g\^{$, cj^})' + cm^g^^i^, f . (83) 
At the g'^ order, or the one-loop order, the general formula for the soliton energy is 

^soliton = < = = ,N ^ lu ,0\ H \P^ = = ,N ^ Ilo ,0> (84) 

= Ho + ^Tr{A} - ^vac + ^Sm^ J - bm^Sgf^-^ J , (85) 

where 5m? and ^5(4) are the counter terms for the mass and the (f)^ coupling respectively. The 0^ coupling 
doesn't receive loop corrections. The (f)'^ coupling terms yield the right coefficients and can be renormal- 
ized ||. 

The loop integration in the NC field theory generally contains phase factors which yield the interesting 
UV-IR phenomenon upon renormalization p^ . In the following we evaluate the quantum correction from 
the zero-point energy of H2 in Eqn. (^2|) and show that it contains the same phase factors as those appears 
in the counter terms 5m? and Sg"^^-^ . 

We start by arguing that only l/2Tr{f2} is needed in evaluating the leading divergence. In Eqn. ([79|), 
it's easy to see Q^^'E.Q^ is finite, 

Q^^SQ^ = ( j gifa^Raf + ( J hgailaf 

= (l + eL)' + 2(l+e?a)' < 12. (86) 
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As we'll see that the eigenvalues fljia and flja behave like ^/k'^ — uj'^ + m? at very large k . The leading 
divergence of Tr{A} will be determined by Tr{r2} . 

riRa and riia , eigenfrequencies of V2{q) in Eqn. (|67|), satisfy the linear equations, 

i-df - + m')xi - \hm^g^{<T\,Xi} + lcm^9'W\ Xi} = ^]aXi , (87) 

i-df -u;^+ m^)xR " bm^g^{{a'^,XR} + axRo) + 
3 

-CTO2/({cr'', xr} + 0-^X^,0-^ + o-{c^, Xfllo-) = f^Lxi? ■ (88) 

The above equations are just time independent Schrodinger equations. In particular phase shifts from 
the central potential have been used in calculating the soliton energy correction |Q . The basic idea is that 
in the central potential for each partial wave, the difference of the density of the states between the scattered 
wave and the free wave is related to the derivative of the phase shift, 

Mfc)-P(0) = i^, (89) 
TT ak 

where I goes from —oo to oo . The finiteness of the particle number, N — lu J , determines that cr —> o as 
r — > oo . Therefore the NC potential in Eqn. ( p7| ) and ( p8| ) is radial symmetric and vanishes at oo . For the 
most general potential term yVi?(r) * x * ^^(r) , 

[WF(r)*X*Wi3(r) ,L] = Wi.(r)*[x ,L]*WB(r) , (90) 

where L =^ —ie^^x^d^ is the angular momentum. The star product is made explicit here and in the rest of 
the section. This formula can be easily proved in the Weyl transforms of the fields. Going to the momentum 
space, one can generalize the result in and show that 

WF{x)*x{^)*yVB{x) = j ^^W^(p/)Ws(p,)e'P/(-+fa)g.P.(x-fa)^(^) ^ (g^) 

where 9* = e^^d^ . 

Using Eqn. (^), consider only the leading divergence, we have |^ , 

iTr{A}-£:vac ~ - Ey^c 



I d^Jk^+Tv?Y}^n{k)+5Ri{k)] , (92) 



where 5ii{k) and 5Ri{k) are the phase shifts for xi and xb. ■ The sum of the phase shifts can be evalu- 
ated through Born approximation. In the commutative case, this leads to the cancellation of the tadpole 
diagram ||18|. 



Eqn. ( |87| ) and (88) have the Jost solution form at large r , 

X-- hl{kr) + e^'^'hi{kr) . (93) 

Considering the asymptotic (r oo) behaviour of the solution, the standard procedure |^ leads to the 
scattering amplitude, 

/(k', k) = /(0) = j2 f^c^y'^ = ^ E ^i'^'^'^^'^ ' (94) 

I V fc , 

where k' = k and (f> is the angle between k' and k . At large ^ , or (5; sa , we can see 

J2Si^Vkf{cl> = 0) (95) 
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/(k',k) can also be calculated through Born approximation, replacing % by e in the potential form 

/(k',k) = -^Jd^xe-''''^Y1^F*^''''"*^B 

= -^Jd'xe-^^^'~^^-Y.^Pix-l~k)W^\x+l~k) (96) 

where i labels the potential terms in Eqn. ( p7| ) and (|88|), and A:* = e^^k^ . Therefore 

! i 

- -i/(0^Ewi^Hp)wl]^(-pK'^P^ (97) 

The right hand side only depends on the magnitude k due to the central potential W{r). 
Now we are ready to evaluate Eqn. (p2|), 



The integration over k is exactly part of the tadpole diagram belongs to Sni^ and it contains the UV/IR 
divergence {A ^ oo and p ^ 0) evaluated with the cutoff A fl^ , 

(fk e-''^P^ 2 . . .1/9., /2m\ A 



(27r)2 2Vfc2 + m2 (47r)3/ 



where Ap = + l/A^)^^/^ ^ Notice that the above UV/IR divergence from Eqn. ( p^ ) occurs only 

when both Wj? and exist. In other words, only the terms crXB.'^ jf^Xflcr^ and a{a,XR}<^ in Eqn. ( |87| ) 
and ( p8| ) yield UV/IR divergence. All other potential terms only give the normal UV divergence where the 
phase factor is absent. Since the counter term Sm^ and 6g^ do not include UV/IR divergence, we are certain 
that the Q-ball energy correction includes UV/IR divergence. Cancellation of the UV divergences is not 
obvious because the exact value of the eigenfrequencies A^ is unknown. 

4 Finite 9 and Noncommutative GMS Solitons 

The above calculation assumes that the NC parameter 6 is sufficiently small so that the NC potential will 
generate the Jost solution form as in the commutative case. Let's consider the effects of the NC potential 
( |9l| ) in the case that is not small. 
Since 

[x' ± ^-^d\x^ ± ^9^] = ±iee'^ , (100) 
the effective scattering potential for the NC interaction Wf{x) t^x* ^5(2;) ( ^ ) is just 

WF{x+'-^~d)WB{x-'-^~d) , (101) 

multiplication of the Weyl transforms of Wpix) and Wsix) ■ Notice Wf and Wb commute since [x' + 
ie/2d\x^ - iB/2d^] = . 
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Now considering 

Wpix) = J ^W^(p^)e^P/(-+f ^) , (102) 

the noncommutativity, 

[p}{x' + ,p}{x^ + p')] = ^9p}p} , (103) 

can be suppressed even if 6 is not small, as long as W{x) is smooth enough or yV(p/) ^ at large pf . 
Notice small p/ is also the IR limit we discussed in the last section. Under this assumption we can write 

Wpix) « Wpix + ^a) = Wf(|x + jd\^) - Wpir^ " + ■ (1^4) 

Acting on the field xi^) = ui{kr)e^^'^ , the effective potential becomes yVi?(r^ —Ol/2 + df) . Similar calculation 
applied to Wsix) yields Wsi^^ +61/2 + df) . Therefore at large k and large r, we can treat the scattering 
potential perturbatively as in the commutative case. The phase shift evaluation of the energy of the soliton 
could still apply provided that W or the soliton solution a are smooth enough. 

NC GMS soliton only exists at finite . Based on the above arguments, we can still evaluate its quantum 
corrections with the phase shift method in the last section. 

Quantization of GMS soliton and Q-ball share a lot of similarities. To get the GMS soliton theory, we 
make the replacements (0,0-^ l/\/2$) in the previous complex scalar field theory (|l|). With the potential 
(|8^), the Lagrangian becomes, 

^ = -\{d^'^f + = -\{^.'^f + - JfemV*' + ^cmV<i'' , (105) 

where $ is multiplied by the star product. The renormalizability of the theory is proved in p^ . Let uj — 
because there is no conserved charge Q (|l^) in the theory. When 6^ — 4c < , the potential in ( |105| ) has a 
local minimum at \/hg/2 besides the global minimum at the origin, and the GMS soliton solution a exists. 
Replace the expansion ( ^ by $ = cr + x , where X = X-R is real. As a result, the meson degrees of freedom 
are only XR or X ■ Upon quantization, the soliton energy is still given by Eqn. (|85|). Since w = and A = 
are the exact eigenfrequencies of H2 ( |66| ) , we have 

{~df + m^)xR - bm^g^{{a\ xr} + <^XR'^) + ^cm^g\{<J^, Xr} + <J^XR<y^ + <j{<J. Xr}<t) = ^IxR ■ (106) 

Eqn. ( |9^ ) describes the exact ultraviolet divergences in l/2Tr{A} — E'vac • Therefore we are able to check the 
cancellation of the divergences in Eqn. ( ^5|) . As mentioned in the previous section, in the above equation, 
the terms crxflc , o'^Xi?."'^ Xi?}"' yield UV/IR divergences, while the rest terms yield UV divergence. 

A critical observation is that those terms yield UV/IR divergence have one to one correspondence with the 
contractions of the fields yield Nonplanar Feynman diagrams |l^, and those terms yield UV divergence 
correspond exactly to the planar digrams. We can just spare the details of counting the divergences. Since 
the counter terms Svn? and Sg^^^ cancel exactly the UV divergence part, we conclude that the soliton energy 
( |85| ) is UV finite, but includes all the UV/IR divergences. 

5 Conclusion and Discussion 

In this paper we discuss the quantization of NC solitons in (2+1) dimensional scalar field theory. In particular, 
classical solutions and quantization of the NC Q-balls at very small 9 are investigated in detail. Classically 
NC Q-balls reduce to the commutative Q-ball as 9 goes to zero. Quantum mechanically, because loop 
integrations in the NC field thoery have different ultraviolet structure from those in the commutative theory, 
i. e. UV/IR mixing, quantum corrections to the NC soliton energy necessarily include the UV/IR divergent 
terms which cannot be renormalized away. The existence of such terms in the energy is demonstrated 
through the phase shift summation. The same method is futher generalized to NC GMS solitons which exist 
only at finite 9 . In the small momentum limit, or for the suffciently smooth soliton solutions, divergence 
structure of the soliton energy can be calculated exactly. In this case the energy is found to contain no UV 
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divergence but all the UV/IR divergences. In |g6[ quantum corrections to the NC soliton energy are also 
calculated but at very large 0, where no UV/IR divergence is found. We believe that's because at large 6*, 
the noncommutativity ( |103| ) is not small and cannot be ignored, and the potential term is the dominant 
term instead of a perturbative one. In this case the phase shift sum is not a good approximation to the 
energy correction. 

An interpretation to the UV/IR divergence is given in where new light degrees of freedom are 
introduced in the Wilsonian effective action. UV/IR divergence can be reproduced by integrating out those 
new degrees of freedom, which are then interpreted as closed string modes with channel duality. It will 
be interesting to further consider the NC solitons in the gauge theory, where they are interpreted as D- 
branes ^ and D-brane action is properly recovered. If such NC solitons are quantized one might be able 
to recover the effective interaction between D-branes and closed strings . 
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